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An edge e in a 3-connected graph G is contractible if the contraction of e in G results in a
3-connected graph; otherwise e is non-contractible. In this paper, we prove that the number of
non-contractible edges in a 3-connected graph of order p>5 is at most

3| S/oa 25 -5)

and show that this upper bound is the best possible for infinitely many values of p.

1. Introduction

We follow the notation of Bondy and Murty [3]. Graphs discussed here are
simple, i.e., with no loops or multiple edges. For a graph G, V(G) and E(G) are
the vertex set and the edge set of G, respectively. If SC V(G) or S C E(G), then
we use G[S] to denote the subgraph of G induced by S. For v € V(G), let N(v)
denote the neighborhood of v in G. If A and B are two disjoint subsets of V{(G),
then [A, B] denotes the set of edges with one end in A and the other in B. For later
convenience, V3(G) denotes the set of vertices of degree three in G; and for an edge
e in G, V{e) denotes the set of two endvertices of e.

The contraction of an edge e=wuv in a graph G is to identify the two vertices
u and v and to delete all resulting loops and multiple edges; the resulting new
vertex is denoted by e* and the resulting new graph is denoted by Ge (sometimes
also denoted by Guv). Hence, V(Ge) = (V(G)—V(e))U{e*}. Let o be the map
from V(G) to V(Ge) which takes both u and v to e* and fixes all other vertices.
Obviously, oe is a graph homomorphism, i.e., o, preserves adjacency. Thus, when
we speak of the image of an edge of G under the contraction of e, we mean the
image of the edge under o,.

An edge e in a 3-connected graph G is contractible if Ge is also 3-connected;
otherwise, we say that e is non-contractible. Tutte [9] invented the concept of a
contractible edge, and from his constructive characterization of 3-connected graphs,
it is clear that every non-Kjy 3-connected graph has a contractible edge. Many
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applications of contractible edges have been given, including Plummer and Toft
[7], Thomassen (8], and Yu [11]. In most situations, we need to have more than
one contractible edge. In [2], Ando, Enomoto and Saito proved that every non-
K4 3-connected graph G has at least |V(G)|/2 contractible edges, and they also
characterized all extremal graphs. (For a good reference on contractible edges,
see [4].) Non-contractible edges (like contractible edges) have been used in several
papers, for example, [1] and [10]. The purpose of this paper is to give a sharp upper
bound to the number of non-contractible edges in a 3-connected graph.

It is not hard to see that in a non-K4 3-connected graph G, an edge e is non-
contractible if and only if V(e) is contained in some 3-cut S of G; in this case, we
say that S is a 3-cut associated with e. Let G be a 3-connected graph. Then E.(G)
and E,(G) denote the set of contractible edges and the set of non-contractible
edges in G, respectively. For a vertex u in G, let E(u) denote the set of edges in
G incident to u, let Ec(u)=E(u)NE(G), and let Ey(u)=E(u)NE,(G). Also, let
en(G)=|En(G)|. Now we can state our main result.

Theorem. Let G be a non-K4 3-connected graph on p vertices. Then
3
en(G) < 3p— b(y/%p + 25— S)J .

Our result is the best possible in the sense that there are arbitrarily large
graphs attaining this bound. In fact, some extremal graphs arise naturally from
the proof. We also point out that the technique we will use may have its potential
in studying the distributions of contractible edges (for example, see [1] and [10]).

2. Preliminary results

To prove the main result, we need a few lemmas. The first one is due to Ando,
Enomoto and Saito [2], and implies the existence of a contractible edge at any
vertex of degree three in a non-K4 3-connected graph.

Lemma 2.1. Let GG be a non-K, 3-connected graph, and let u be a vertex of G with
N(u)={s,z,y} such that uz, uy € En(G). Then, d(z)=d(y)=3, G[{u,z,y}|=K3,
and E.(u)={su}. |

Lemma 2.2. Let G be a non-K4 3-connected graph, and let u€ V3(G) with N(u)=
{z,v,s} and zy€ E(G). Then su€ E.(G).

Proof. It is easy to check that {s,u} cannot be contained in any 3-cut of G. [ ]

The essential part of the following lemma was first proved by the fourth author
in [10], but for the sake of completeness, we also give the proof here.

Lemma 2.3. Let G be a non-Ky4 3-connected graph, and let e € E.(G) and f €
En(G). Then, o.(f) € E.(Ge) if and only if there is a vertex u € V(e) with d(u)=
3 such that N(u) is the only 3-cut of G associated with f and such that G— N(u)
has exactly two components.

Proof. For o.(f) € E.(Ge), the contraction of e in G must destroy all 3-cuts of G
associated with f. Let S be a 3-cut of G associated with f. Since e € E¢(G), e€
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E(C)u[V(C),8] for some component C of G—S. Clearly, oe(f) € Ec(Ge) if and
only if [V(C)|=1, S is the only 3-cut of G associated with f, and G~S has exactly
two components. Lemma 2.3 now follows. [ |

Following 1], we call an edge f a turncoat of G via a contractible edge e if f ¢
En(G) and o.(f) € E.(Ge). We use Lemma 2.3 here to prove the following result
which will be used in the proof of our main theorem.

Lemma 2.4. Let G be a non-K4 3-connected graph, and let e = uv € E.(G) such
that e is contained in at most two triangles. Then en(G)<en(Ge)+3. Moreover,
the equality holds if and only if there is a vertex of V (e), say u, such that G[N(u)]=
K3, N(u) is the only 3-cut of G associated with some edge of G[N(u)], and G—N (u)
has exactly two components.

Proof. Suppose first that d(u) > 4 and d(v) > 4. Then by Lemma 2.3 G has no
turncoat via e. Since e is contained in at most two triangles, we have e {G) <
en(Ge)+2. Hence we may assume that d(u)=3. We have three cases based on the
number of triangles containing e.

Case 1. There are two triangles containing e. Then d(v) >4 by 3-connectedness of
G. Let z and y be the other vertices of the two triangles containing e. It is not
hard to see, by Lemma 2.2, that E.(u)= E(u). Thus vz, vy and zy are the only
possible turncoats of G via e. Hence e, (G) <en(Ge)+3, where the equality holds if
and only if vz, vy and zy are turncoats via e. Lemma 2.4 now follows from Lemma
2.3.

Case 2. There is exactly one triangle containing e. Let the other vertex of the
triangle be z, and let y be the third neighbor of w. If d(v) =3, then let z be the
third neighbor of v. By Lemma 2.3, all possible turncoats of G via e are uz, vz,
zy and zz. But in Ge, {z,y,z} is a 3-cut. Hence G has at most two turncoats via
e; namely, uz and vz. Thus e, (G) <en{Ge) +2.

So let d{v)>4. By Lemma 2.3 uz cannot be a turncoat of G via e. Since vy ¢
E(G), G has at most two turncoats via e; namely, vz and zy. If vz is a turncoat
via e, then uz € E.(G), and so, e,(G) <en(Ge) +2. Hence, suppose that vz is not
a turncoat via e. Then e, (G) <en{Ge)+2.

Case 3. No triangle contains e. Then no two edges of G have the same image after
contracting e. By Lemma 2.3, G has at most two turncoats via e. Hence e, (G) <
en(Ge)+2. 1

In order to state our next lemma, we need some more notation. Suppose that
f=zy € Ey(G) in a 3-connected graph G, and that S = {z,y,s} is a 3-cut of G
associated with f. Let C'# G — S be a non-empty union of components of G —S.
We define a new graph C’ from C as follows:

I

V(C') =V(C)yuSu {i},
E(C")y = E(C)U[V(C), S| U {iz, iy, is, zy,ys, zs}.
Obviously, C” is 3-connected. The following result was proved by the fourth

author in [10] for the case when C is a single component. However, the proof for
the general case here can be easily derived from Lemma 2.5 of [10].



360 YOSHIMI EGAWA, KATSUHIRO OTA, AKIRA SAITO, XINGXING YU

Lemma 2.5. Let |[V(C)|>2. For every e€ E(C)U[V(C),S), e€ E.(C') if and only
if e € E.{G) with only one exceptional case: G — S has exactly two components,
V(e) CV(C)NN(s) and d(s)=3, and N(s) is the only 3-cut of G associated with
e. 1

It is clear by Lemma 2.2 that all edges at i are contractible in C’. Also note
that when the exceptional case of Lemma 2.5 occurs to C, we have |E(G[S])|=1.
These two observations will be used later to count the non-contractible edges.

3. Small graphs

For simplicity, let
3
g(z) =3z — [5(\/ 24z + 25 - S)J .

By an easy argument, we can show that g{z) > 2z~ 7 for z>14. Throughout the
rest of the paper, we use G to denote a 3-connected graph with p > 5 vertices. In
this section, we show that e, (G) < g(p) for graphs with at most 20 vertices. The
following table shows some values of g(p) (for p<13).

D 5 6 7 8 9 10 11 12 13
glp)| 5 6 8 10 12 14 15 17 19

We first observe that there are only three non-isomorphic 3-connected graphs
on five vertices; namely, the wheel Wy, the complete graph K5, and K5—e. Hence,
it is easy to see that en(G) <4 when p=5.

Lemma 3.1. If p=6, then e, (G) < 6. Moreover, the equality holds if and only if
G= K3 x Ko.

Proof. We may assume that e,(G)#0. Let f =zy € En(G), and let S ={z,y,s}
be a 3-cut of G. Then G — S has two or three components. If G — S has three
components, then each component is a single vertex, and it is clear that e, (G) <
3. So G - S has exactly two components: a single vertex component {u}, and a
component C'={v,w}. Since G is 3-connected, without loss of generality, we may
assume that zv,yw,swe E(G).

If zw,yv,sv € E(G), then there are four cases (whether or not xzs,ys € E(G)).
In each case, it is easy to check that e, (G)<3.

Suppose that exactly one of zw, yv or sv does not belong to E(G). First, let
sv¢ E(G). By 3-connectedness and symmetry, let ys€ F(G). Note that zs may or
may not be in E(G), and in each case, en(G)=5. Let sv€ E(G), and by symmetry,
let zw ¢ E(G). We have four cases (whether or not zs, ys € E(G)), and in each
case we have e, (G) <5.

Hence, we may assume that at least two of zw, yv or sv do not belong to
E(G). By 3-connectedness exactly two of zw, yv or sv are not in E(G). Since the
degree of v is at least three, zw¢ E(G). First, let yv€ E(G). In this case, we have
three cases (whether or not zs, ys € E(G)), and it is easy to check that e, (G)=5.
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Hence, let sv€ E(G). Again, there are four possible cases (whether or not s, ys€
E(G)). In the case that zs,ys¢ E(G), we have G= K3 x K3 and e, (G) =6, and for
all other cases, en(G)=5. Hence Lemma 3.1 follows. 1

Lemma 3.2. If 6<p<20, then e,(G)<2p—7 except G=K3x K3.

Proof. By Lemma 3.1, we may assume that p>7. Let G be a counter-example to
Lemma 3.2 so that |V(G)|+|F(G)| is minimum. We first point out that for each e€
E.(G), e is contained in at most two triangles; for otherwise, G — e is 3-connected,
and so, en(G) < en(G—e€) <2p—7, a contradiction. (Hence, Lemma 2.4 can be
applied.)

Claim 1. For each e€ E¢(G), en(G)=en(Ge)+3.

For otherwise, e, (G) < en(Ge)+2. If Ge# K3 x Ko, then e,(G)<2p-7, a
contradiction. So Ge= K3 x Ky. Thus, the two vertices of V(e) must have degree
three in G and must share a common neighbor in G. It is not difficult to see that
there are only two such (non-isomorphic) graphs, and in each case e, (G) <6, a
contradiction. Hence, Claim 1 follows.

Let m=|V(G)—V3(G)|. Then, by Claim 1 and Lemma 2.4, 2= > ¢ (G)>
2p—6, and so,
1+ I6p =47

> —
me 2

Claim 2. For each f € Ey(G) and for any 3-cut S of G associated with f, G—S has
exactly two components one of which Is a single vertex.

For otherwise, we can divide the components into two disjoint parts, say C and
D, each with at least two vertices. By Lemma 3.1 and the choice of G, en(C') <
2(|C|+4)~7 and e, (D) <2(|D|+4)—7. Now by Lemma 2.5 and by the observation
following Lemma 2.5, en(G) <en(C')+en(D’')—3<2p—7, a contradiction.

By Claims 1 and 2, we have 3(p—m)=¢e,(G)>2p—6, and so m < %}'—6. Hence
we have

14 +/16p — 47 < p+6
2 - 37
and so, p>21 or p<6, a contradiction which completes the proof. |

To see that Lemma 3.2 is the best possible, let W,_1 be the wheel on p vertices
(6 <p<20). Construct a graph G from Wp_; by joining a non-center vertex v to
all other vertices except one which is distance 2 away from v on the rim. Then,
en(G)=2p—7. Since g(x)>2z—7 for > 14, by checking values of g(p) for p<13,
we have the following consequence.

Corollary 3.3. If 5<p<20, then e, (G) <g(p). [ |
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4. Proof of the main result

We state without proof the following elementary lemma.
Lemma 4.1. Let g be an integer, and let a, b and ¢ be three real numbers. If a—b<
g, then |a] — |b| <gq; if a+b—c>q, then |a]+[b]—|c] >q—1.

Proof of Theorem. Suppose that this result is not true. Let G be a counter-example
with |V(G)|+|E(G)| minimum. By Corollary 3.3, we may assume that p>21. As
shown in the proof of Lemma 3.2, every e € E.(G) is contained in at most two
triangles.

Claim 1. For any e€ Ec(G), en(G)=en(Ge)+3.

Suppose that e, (G) <ep(Ge)+2. Since p>21,
3 24 <1
224p+25+/24(p—1)+ 25

3 3
5(\/241) + 25—5)—5( 24(p—1) +25-5) =
Hence by Lemma 4.1

1= |3WET B -5)| - |JVEG-DB-5)| <1

Therefore
en(G) < g(p—~1)+2=g(p) +d -1 < g(p).
This is a contradiction, and so, Claim 1 is true.

Claim 2. For every f=zye€ E, (G) and every 3-cut S={=,y,s} associated with f,
G — S has exactly two components one of which is a single vertex.

Suppose that Claim 2 is not true. Since G has p> 21 vertices, we may divide
the components of G — S into two disjoint parts, say C and D, such that 2<|C|=
z<|D|=p—2—3. Then, 2<z< 35—3 By the choice of G, en(C") < g(z+4) and
en(D') < g(p~z+1). By Lemma 2.5 and the observation following Lemma 2.5,
en(G)<en(C")+en(D')-3.

Suppose that 2<z<16. Then, 6 <|C’| <20, and so, by Lemma 3.2, e, (C") <
2|C'| —7T=2z+1. Hence, ex(G)<2z+g(p—z+1)—2. Since p>21 and z < B5=,
p—x+12>13, and so,

g(,/24p+ 25— 5) — g(\/24(p —z+1)+25-5)

_3 24(z — 1) -
2V28p+25+/24(p—z+1)+25

Hence by Lemma 4.1

d = [g(\/W—s)J —~ [g(\/24(p_x+1)+25—52J <z -1

z—1.
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Therefore we have
en(G)<2r+glp—z+1)-2=g(p)+d - (z-1) < g(p).

Again, this is a contradiction. Thus, we may assume that x > 17, and so, p > 37
and p—z+12>21.

Note that the function f(z)=+/24(zx+4)+ 25+\/24(p z+1)+25—/24p+25
is an increasing function on the interval [17, L] Thus,

24 x 16
f4(p—17+1)+25+\/24p+2

fl@) 2 (A7) =23 -
Hence, by Lemma 4.1,
d”:[g(m—s)J [(\/24 —z+1)+25— 5)}
- |swmes —s)J

2%(\/24(x+4)+25 \/54 —z+1)+25-5)
T -5)
> 2(f(@) ~5)~ 12 5(717) ~5) - 1 > 14

Therefore, we have
en(G) < en(C') +en(D) -3 < g(z+4)+g9(p—z+1) -3 =g(p) —d" +12 < g(p).

But this contradicts the choice of G. Hence, Claim 2 follows.

Following Lemma 2.4 and Claim 1, we have the following observation: for each
e € E.(Q), there is a vertex u € V3(G) such that G[N(u)]=K3. Thus, by Claim 2,
Er,(Q) is the disjoint union of E(G[N(u)]) for all u€ V3(G). Let [V3(G)|=k and let
m=p—k. Then e,(G)=3k=3p—-3m. Now G —V3(G) is a graph with m vertices

m(m—1)
=

and 3p—~ 3m edges. Hence, we have > 3p~3m. By solving this inequality

for m, we have m > @‘—5. Thus, e, (G) < g(p), a contradiction which ends
the proof. 1

From the above proof, it is easy to see that for some extremal graphs G, En(G)
may be the edge-disjoint union of triangles which are the neighborhoods of vertices
in V3(G). Hence, we can simply start with a complete graph K, and decompose
E(K,) into as many edge-disjoint triangles as possible, and for each such triangle,
we add a new vertex and join it to the three vertices of the triangle. For example,
n [6] it was shown that F(Kgg4.1) can be decomposed into edge-disjoint triangles.
The graphs obtained by adding a degree 3 vertex to each such triangle achieve the
bound in the theorem.
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Actually, we can give a slightly better bound

[3(10 - —————\/2—41);_25— 5)J

to en{G) by further developing the arguments which we have used in this paper.
However, its proof is lengthy and hence we omit it.
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